w x
In 1991 Dixon and Kovacs 8 showed that for each field K which haś finite degree over its prime subfield there is a number d such that every K finite nilpotent irreducible linear group of degree n G 2 over K can be w x wx ' generated by d nr log n elements. Afterwards Bryant et al. 3 proved K that the same is true for solvable linear groups and this led to asking whether a similar result could hold also removing the solvability hypothew x sis. In 15 it is proved that the answer is positive in the particular case of finite fields. In the present paper we are able to deal with the case of number fields, thus giving a complete solution to the problem. Namely, Ž . denoting by d G the number of generators of a group G, we prove: Ž . We recall that an irreducible subgroup G of GL V is called quasi- To prove the previous theorems we need a series of results on the Ž . number of composition factors of a finite subgroup G of GL V . In number field.
In the particular case of irreducible linear groups over finite fields the w x above theorem is an easy corollary of a result of Pyber 16 , Theorem 2.10 .
Ž . A stronger bound for a G holds when G is a quasi-primitive linear Ž . group of degree n over a number field K ; in this case a G F Ä 4 < < A log n max 1, log log n q 2 log K : ‫ޑ‬ q 1, where A is an absolute con-Ž . stant. Throughout this paper, all the logarithms will be to base 2.
Ž . A similar bound can be proved for the number b G , but in this case the hypothesis that G is completely reducible can be removed and no assumption on the field is needed.Ž .
THEOREM D. If G is a finite linear group of degree n then b G F dn for Ž . some absolute constant d. If G is quasi-primiti¨e the stronger bound b G F d log n holds.
The bounds given in the previous theorems are, apart from the choice of the constants, of the right order.
Ž . Denote by d I the minimum number of elements needed to generate 
COROLLARY E. Suppose that G is a finite linear group of degree n and
If G is quasi-primiti¨e the stronger bounds pr G F log log n qŽ . log d q 1 and d G F log log n q log d q 3 hold.
All the results presented in the paper depend on the classification of the finite simple groups.
Theorems A and B are Theorems 5.7 and 5.4, respectively; Theorem C is proved in Theorem 2.3 for finite fields and in Corollary 4.3 for number fields; Theorem D is proved in Theorem 3.2 for quasi-primitive groups and in Corollary 3.3 in the general case; similarly, Corollary E corresponds to Corollaries 5.1 and 5.2.
PRELIMINARY RESULTS
We adopt the following notation: if X is any finite group Ž . isomorphic to PSL 2, q so e S G q y 1r2; in the twisted cases it is not difficult to find in S an element whose order is at least q r y 1r2. Ž .
Ž . Ž . Therefore f F 2 log e S , and our claim is proved but for L q s A q , Proof. We may assume that S is a group of Lie type over a field of Ž < < . Ž . characteristic p in the other cases Out S F 4 . Let l S, p be the smallest integer t such that S has a non-trivial projective irreducible representation of degree t over a field of characteristic other than p. A Ž . Ž lower bound for l S, p was determined by Landazuri and Seitz actually w x the main theorem of 12 contains three slight errors; a corrected version w x . < < can be found in 10, Table 5 .3A , while the values of Out S are given in w x < < Table 5 of 5 ; comparing these results one can easily see that Out S F Ž Ž .. ␤ log l S, p for some constant ␤. [ W␤ and dim B s dim W dim B . There is a natural action 
groups contained in Z, hence cyclic, so the first claim of the lemma follows w x by 1, 23.9 . In particular, HrZ is a characteristic elementary abelian q-subgroup of GrZ and, as G acts on it by conjugation, it is an ‫ކ‬ G-mod-
H acts on T by conjugation, inducing a group of automorphisms which < Ž .< < < centralizes both TrZ and Z. T admits exactly Hom TrZ, Z s TrZ Ž . automorphisms with this property and as Z T s Z, it follows that they Ž . Ž . are all inner automorphisms, so H s TC T and HrZ
TrZ is a completely reducible ‫ކ‬ G-module. Finally, as every element of q Ž Ž .. Ž .
Ž . C O GrZ centralizes both O G ZrZ and Z, arguing as above we get
Proof. In fact, much more is true. Namely, the maximum length of a 
In this section we are concerned with the composition length of com-Ž . pletely reducible subgroups of GL n, K , where K is a finite field. 
. G 4 log x q 2 log x and c xy G 5 log x q 3 q log 2 ␣ log x q 0 log x log y q y for any integer x G 2 and real number y G 1.
We will proceed by induction on n. We first note that every element of
This also settles the case n s 1.
As V is a homogeneous KG-module, the restriction of the action of G to any irreducible KG-submodule of V is faithful: so we may assume that G is irreducible on V.
We first assume that the Fitting subgroup of G is contained in Z.
by Lemma 1.9. Moreover, V is a homogeneous E G -module, so that Ž .
Ž . E G is faithful on any irreducible E G -submodule of V, and Proposition Ž . Ä 4 k 1.1 applied to the group E G and subgroups L , . . . , L gives n G 2 . As
Ž . which is certainly less than c nd log p, and b G F k q k F 3 log n. .
Ž .
G q G q
We now set
odd, Q is either extraspecial or the product of an extraspecial group and a cyclic group of order 4 for q s 2. We split our discussion in two cases. Case 1. It is possible to choose q such that, in addition, either q is odd or q s 2 and the field K has an element of multiplicative order 4, so that w x K is a splitting field for Q 1, 27.13 .
Let W F V be an irreducible KQ-submodule. W is absolutely irre-
Ž . Ž . n s rs, and C Q , as a subgroup of GL A , satisfies our hypotheses. As Ž .
At this point, we remark that Lemma 2.1 and Corollary 2.2 will be superseded by the more general results on quasi-primitive groups that are the object of the next section.
THEOREM 2.3. Let K be a finite field of characteristic p and order p d , V a K-¨ector space of dimension n, and G a completely reducible subgroup of
Ž . GL V . Ž . Ž . Ž .
G-invariant decomposition and put
. a H and the same for b G with GrH, H completely reducible groups in smaller dimension and we reach the conclusion using either the information for the case n s 1 or the inductive hypothesis. Proof. We will closely follow the argument we used when proving Lemma 2.1 and Corollary 2.2. We also take c s 6, and note that if n s 1 Ž . Ž . we have r G F 1 and b G s 0.
PRIMITIVE GROUPS OVER ARBITRARY FIELDS LEMMA 3.1. Let K be a field, V a K-¨ector space of dimension n G 2, and Ž . G a finite subgroup of GL V such that e¨ery characteristic subgroup of G is
First of all, we can clearly assume that G is irreducible. Next, suppose that some abelian characteristic subgroup of G is not contained in the Ž . center of GL V , and let M be maximal with respect to this property. By K Lemma 1.10 the subring F s FM of End V is an extension field of K of K finite degree at least 2, M is cyclic, and V is an F-vector space of w x Ž . dimension nr F : K -n. GrC M is a subgroup of the Galois group of 
In the following we will therefore assume that every characteristic abelian Ž . subgroup of G is contained in the center of GL V .
K
Suppose now that the Fitting subgroup of G is contained in the center Z of G. Let k be the number of the components of G. Then the socle of GrZ is the direct product of k non-abelian simple groups and the socle of any subnormal subgroup of GrZ is the product of at most k of them. By a w x result of 7 every subnormal subgroup of GrZ can be generated by 3k Ž . Ž . elements, so that r GrZ F 3k. Lemma 1.1 applied to the group E G k Ž . gives n G 2 . As a consequence r G F 3 log n q 1 F c log n in this case.
Ž . Ž . Ž Ž . . In the notation of Lemma 1.
and b
GrN F k by Lemma 1.9 and we also 2 5 Ž . . Ž . GrC O G ZrZ can be generated by 2 m s 3m elements, so that 
Ž . C O G ZrZ rC O G is isomorphic to O G ZrZ, which implies
0
As an immediate corollary we obtain the following Ž . Ž .Ž . Proof. We will actually prove that b G F 4 c q 1 n y 1 ; the argu-0 ment is very similar to the one which was used in the proof of Theorem 2.3.
As G has a normal nilpotent subgroup whose factor group is isomorphic to a completely reducible group of the same degree, we can assume that G is completely reducible. 
Finally, if G is reducible we can easily get the conclusion by induction.
NUMBER FIELDS
In this section we give an estimate for the composition length of primitive and completely reducible linear groups over fields of characteristic 0 whose degree over ‫ޑ‬ is finite. Our first result is w x THEOREM 4.1. Let K be a finite extension field of ‫,ޑ‬ and let d s K : ‫ޑ‬ ; let G be a finite linear group of degree n o¨er K. If G is quasi-primiti¨e, then Ž . Ä 4 a G F A log n max 1, log log n q 2 log d q 1, where A is an absolute constant.
Which is an immediate corollary of the following lemma. Ž . Ä 4 a G F A log n max 1, log log n q 2 log d q 1, where A is an absolute constant.
Proof. One can easily check that log r log log r q log s F log rs log log rs Ž .
Ž . Ä 4 for r G 2 and s G 1, and that, if we agree that max 1, log log 1 s 1, the Ž . Ä 4 same holds even for r s 1 if we replace log log by max 1, log log .
The claim for n s 1 follows from Lemma 1.5. We assume that n G 2 and adapt to the present setting the arguments in the proof of Lemma 3.1. First of all, we can clearly assume that G is irreducible. Next, suppose that some abelian characteristic subgroup of G is not contained in the center Ž . of GL V , and let M be maximal with respect to this property. By K Lemma 1.10 the subring F s KM of End V is an extension field of K of K finite degree at least 2, M is cyclic, and V is an F-vector space of w x Ž . dimension r, where r F : K s n. GrC M is a subgroup of the Galois
it is homogeneous on the K-space V, hence also on the Ž . F-space V. As r -n we can apply the inductive hypothesis to C M and
s A log r max 1, log log r q 3 log F :
if we take A G 3. In the following we will therefore assume that every Ž . characteristic abelian subgroup of G is contained in the center of GL V .
K
From now on, we can repeat almost literally the proof of Lemma 2.1. We will only point out the small changes that are needed.
If the Fitting subgroup of G is contained in the center Z, we can apply the argument for this case in Lemma 2.1 with the proviso that, by Lemma Ž . Ž . 1.5, in the present situation a Z F 2 log d q 1 rather than d log p , and get the inequality
2
F 3 q log ␤ log n q log n log log n q 2 log d q 1,
Ž .
where ␤ is the constant introduced in Lemma 1.4. a G F 4 c q 1 log r q 2 log r q A log s max 1, log log s
where r s q m ) 1 and n s rs. In Case 2 we have q s 2, n G 2 mq k and
To conclude, we notice that if A G 4 c q 7 q log ␤ then the inequality 0 Ž . Ä 4 a G F A log n max 1, log log n q 2 log d q 1 holds in each case. Proof. The proof is a remake, with slight modifications, of the proof of Theorem 2.3.
Ž . For n s 1, a G F 2 log d q 1 F c . We will actually show, by induction
If G is primitive our claim holds: by Theorem 4.1, a G F Ä 4 Ž . A log n max 1, log log n q 2 log d q 1 F c n y 1 since n G 2. 
for j s 1, . . . , s, N rN is isomorphic to a completely reducible subgroup 
Ž . a H with GrH, H completely reducible groups in smaller dimension and we reach the conclusion using either the information for the case n s 1 or the inductive hypothesis.
We can show by an example that the bounds for a G given in Theorem 2.3 and Corollary 4.3 are correct, apart from the choice of the constant.
Let K be an arbitrary field. If U is a finite subgroup of K = , denote by Ž . M U the group of monomial matrices of size n over K with entries in U. n Ž .
Ž . As an abstract group M U is isomorphic to U X Sym n , so that n Ž Ž .. Ž . a M U s na U q 2 if n G 3. As a linear group acting on the vector n n Ž . space K M U is irreducible provided that U / 1. This shows that a n Ž . bound for a G , G irreducible, must be linear in n. Also, when K is finite
of order p , a K is not far from d log p, and if K is the cyclotomic field Ž .
‫ޑ‬ , where is a primitive 2 th root of 1, then d s K : ‫ޑ‬ s 2 so Ž² :. that a is exactly 1 q log d.
PRESENTATION RANK AND MINIMUM NUMBER OF GENERATORS
Let G be a finite group and let I be the augmentation ideal of ‫ޚ‬G.
group G and faithful irreducible G-module M, that formula leads to the Ž bound stated in the following proposition cf. the discussion in Section 1 of w x . 13 , in particular the proof of Lemma 1.5 .
Let H be a finite group with a unique minimal normal subgroup, N, and assume that N is abelian and has a complement in H. For each positive integer k, let H k be the k-fold direct power of H and define the subgroup ÄŽ .
where H runs o¨er the set of finite groups with a unique minimal normal subgroup N, which is abelian and complemented.
Using this result we can prove:
Proof. Let H be a finite group with a unique minimal normal sub-Ž . group, which is abelian and complemented. By Theorem 3.2, g H, G F Ž . r G F c log n; therefore from Proposition 5.3 and Corollary 5.1 we con-Ž . Ž . Ž clude d I F c log n q 1 and d G F max c log n q 1, log log n q 5 q G Ž .. log c q 1 F c log n for a suitable constant c.0
We now recall two lemmas, which are needed for the proof of the following theorem. They are respectively, Lemma Proof. Let ␤ , ␤ be such that ' '
log n q 5 q log c q 1 F ␤ nr log n F nr log n . So we may as- F ␤ nr 2 log n F nr log n , so we may assume that G is not primi- c n q A log r max 1, log log r q 1 bЈ 2 s q 2 bЈ 2 log d s Ž .
Ž . 
'log n
The result is now established.
w x As a last remark, we note that the examples in 9 show that it is not possible to replace, in the above theorem, the hypothesis that K has finite degree over ‫ޑ‬ with the weaker assumption that the subgroup U of K = consisting of the roots of 1 belonging to K is finite. Namely, the construcw x k tion in Theorem 11 of 9 gives, for each prime power p , a finite p-group Ž . Ž k . Ž . G with d G s p y 1 r p y 1 q 1 q k which has a faithful irreducible representation of degree p k over the field ‫ރ‬ of complex numbers. Let V be the ‫ރ‬G-module associated with ; V, regarded as an ‫ޒ‬G-module, is a Ž direct sum of isomorphic irreducible ‫ޒ‬G-modules ‫ޒ‬ the field of real . numbers . It follows that G has a faithful irreducible representation over ‫ޒ‬ of some degree n F 2 p k ; but there is no constant c such that
' ' p y 1 r p y 1 q 1 q k F c nr log n F c 2 p r log 2 p for all k.
Ž .
‫ޒ‬ ‫ޒ‬
